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a b s t r a c t
The properties of monomials, homogeneous polynomials and harmonic polynomials in
d-dimensional spaces are discussed. The properties are shown to lead to formulas for
the canonical decomposition of homogeneous polynomials and formulas for harmonic
projection. Many important properties of spherical harmonics, Gegenbauer polynomials
and hyperspherical harmonics follow from these formulas. Harmonic projection also
provides alternative ways of treating angular momentum and generalised angular
momentum. Several powerful theorems for angular integration and hyperangular
integration can be derived in this way. These purely mathematical considerations have
important physical applications because hyperspherical harmonics are related to Coulomb
Sturmians through the Fock projection, and because both Sturmians and generalised
Sturmians have shown themselves to be extremely useful in the quantum theory of atoms
and molecules.
© 2009 Elsevier B.V. All rights reserved.
1. Monomials, homogeneous polynomials, and harmonic polynomials
Amonomial of degree n in d coordinates is a product of the form
mn = xn11 xn22 xn33 · · · xndd (1)
where the nj’s are positive integers or zero and where their sum is equal to n.
n1 + n2 + · · · + nd = n. (2)
For example, x31, x
2
1x2 and x1x2x3 are all monomials of degree 3. Since
∂mn
∂xj
= njx−1j mn, (3)
it follows that
d∑
j=1
xj
∂mn
∂xj
= nmn. (4)
A homogeneous polynomial of degree n (which we will denote by the symbol fn) is a series consisting of one or more
monomials, all of which have degree n. For example, f3 = x31 + x21x2 − x1x2x3 is a homogeneous polynomial of degree
3. Since each of the monomials in such a series obeys (4), it follows that
d∑
j=1
xj
∂ fn
∂xj
= nfn. (5)
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This simple relationship has very far-reaching consequences. If we now introduce the generalised Laplacian operator
1 ≡
d∑
j=1
∂2
∂x2j
(6)
and the hyperradius defined by
r2 ≡
d∑
j=1
x2j (7)
we can show (with a certain amount of effort!) that
1
(
rβ fα
) = β(β + d+ 2α − 2)rβ−2fα + rβ1fα (8)
where α and β are positive integers or zero, β being even. We next define an harmonic polynomial of degree n to be a
homogeneous polynomial of degree nwhich also satisfies the generalised Laplace equation:
1hn = 0. (9)
For example, h3 = x21x2 − x23x2 + x1x2x3 is a harmonic polynomial of degree 3. Combining (8) and (9), we obtain
1
(
rβhα
) = β(β + d+ 2α − 2)rβ−2hα. (10)
2. The canonical decomposition of a homogeneous polynomial
Every homogeneous polynomial fn can be decomposed into a sum of harmonic polynomials multiplied by powers of the
hyperradius [2]. This decomposition, which is called the canonical decomposition of a homogeneous polynomial, has the form
fn = hn + r2hn−2 + r4hn−4 + · · · . (11)
To see how the decompositionmaybe performed,we can act on both sides of Eq. (11)with the generalised Laplacian operator
1. If we do this several times, making use of (10), we obtain
1fn = 2(d+ 2n− 4)hn−2 + 4(d+ 2n− 6)r2hn−4 + · · ·
12fn = 8(d+ 2n− 6)(d+ 2n− 8)hn−4 + · · ·
13fn = 48(d− 2n− 8)(d− 2n− 10)(d− 2n− 12)hn−6 + · · · ,
(12)
and in general
1ν fn =
b n2c∑
k=ν
(2k)!!
(2k− 2ν)!!
(d+ 2n− 2k− 2)!!
(d+ 2n− 2k− 2ν − 2)!! r
2k−2νhn−2k (13)
where
j!! ≡
{
j(j− 2)(j− 4) · · · 4× 2 j = even
j(j− 2)(j− 4) · · · 3× 1 j = odd. (14)
An important special case occurs when ν = n/2. In that case, (13) becomes
1n/2fn = n!!(d+ n− 2)!!
(d− 2)!! h0 (15)
or
h0 = (d− 2)!!n!!(d+ n− 2)!!1
n/2fn. (16)
We will see below that this result leads to powerful angular and hyperangular integration theorems.
3. Harmonic projection
Eqs. (12) or (13) form a set of simultaneous equations that can be solved to yield expressions for the various harmonic
polynomials that occur in the canonical decomposition of a homogeneous polynomial fn. In this way we obtain the general
result [3–5]:
hn−2ν = (d+ 2n− 4ν − 2)!!
(2ν)!!(d+ 2n− 2ν − 2)!!
b n2−νc∑
j=0
(−1)j(d+ 2n− 4ν − 2j− 4)!!
(2j)!!(d+ 2n− 4ν − 4)!! r
2j1j+ν fn. (17)
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If we let n− 2ν = λ, this becomes
Oλ[fn] = hλ = (d+ 2λ− 2)!!
(n− λ)!!(d+ n+ λ− 2)!!
bλ/2c∑
j=0
(−1)j(d+ 2λ− 2j− 4)!!
(2j)!!(d+ 2λ− 4)!! r
2j1j+
1
2 (n−λ)fn. (18)
Here Oλ can be thought of as a projection operator that projects out the harmonic polynomial of degree λ from the canonical
decomposition of the homogeneous polynomial fn. The projection is of course taken to be zero if λ and n have different
parities.
4. Generalised angular momentum
The generalised angular momentum operatorΛ2 is defined as [3–5]
Λ2 ≡ −
d∑
i>j
d∑
j=1
(
xi
∂
∂xj
− xj ∂
∂xi
)2
. (19)
When d = 3 it reduces to the familiar orbital angular momentum operator
L2 = L21 + L22 + L23 (20)
where
L1 = 1i
(
x2
∂
∂x3
− x3 ∂
∂x2
)
(21)
andwhere L2 and L3 are givenby similar expressionswith cyclic permutations of the coordinates. Ifwe expand the expression
in (19), we obtain
Λ2 = −r21+
d∑
i,j=1
xixj
∂2
∂xi∂xj
+ (d− 1)
d∑
i=1
xi
∂
∂xi
. (22)
We next allowΛ2 to act on a homogeneous polynomial fn, and make use of (5). This gives us
Λ2fn = −r21fn + n(d− 1)fn +
d∑
i,j=1
xixj
∂2fn
∂xi∂xj
. (23)
The relationship
d∑
i,j=1
xixj
∂2fn
∂xi∂xj
= n(n− 1)fn (24)
can be derived in a manner similar to the derivation of (5). Substituting this into (24), we have
Λ2fn = −r21fn + n(n+ d− 2)fn. (25)
From (25), it follows that a harmonic polynomial of degree λ is an eigenfunction of the generalised angular momentum
operator with the eigenvalue λ(λ+ d− 2), i.e.,
Λ2hλ = λ(λ+ d− 2)hλ. (26)
When d = 3, this reduces to
L2hl = l(l+ 1)hl. (27)
We can conclude from this discussion that the canonical decomposition of a homogeneous polynomial can be viewed as a
decomposition into eigenfunctions of generalised angular momentum.
5. Angular and hyperangular integration
In a 3-dimensional space the volume element is given by dx1dx2dx3 in Cartesian coordinates or by r2dr dΩ in spherical
polar coordinates. Thus we can write
dx1dx2dx3 = r2dr dΩ (28)
where dΩ is the element of solid angle. Similarly [3,6,4,5], in a d-dimensional space we can write
dx1dx2 · · · dxd = rd−1dr dΩ (29)
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where r is the hyperradius and where dΩ is the element of generalised solid angle. From the Hermiticity of the generalised
angular momentum operator Λ2, one can show [6,4,5] that its eigenfunctions corresponding to different eigenvalues are
orthogonal with respect to hyperangular integration. Thus from (26) it follows that∫
dΩ h∗λ′hλ = 0 if λ′ 6= λ. (30)
In the particular case where λ′ = 0, this becomes∫
dΩ h∗0hλ = h∗0
∫
dΩ hλ = 0 if λ 6= 0 (31)
since the constant, h∗0 , can be factored out of the integration over generalised solid angle. Thus we obtain the important
result:∫
dΩ hλ = 0 if λ 6= 0. (32)
Let us now combine this result with Eq. (11), which shows the form of the canonical decomposition of a homogeneous
polynomial fn. From (11) and (32) it follows that if a homogeneous polynomial is integrated over a generalised solid angle,
the only term that will survive is the constant term in the canonical decomposition, i.e., h0. But this term, together with the
power of the hyperradius multiplying it, can be factored out of the integration. Thus we obtain the powerful angular and
hyperangular integration theorem:∫
dΩ fn =
{
rnh0
∫
dΩ n = even
0 n = odd
(33)
where we have used the fact that, when n is odd, the constant term h0 does not occur in the canonical decomposition. We
already have an explicit expression for h0, namely Eq. (16). The only task remaining is to evaluate the total generalised solid
angle,
∫
dΩ . We can do this by comparing the integral of e−r2 over the whole d-dimensional space when performed in
Cartesian coordinates with the same integral performed in generalised spherical polar coordinates. Since the result must be
the same, independent of the coordinate system used, we have∫ ∞
0
dr rd−1e−r
2
∫
dΩ =
d∏
j=1
∫ ∞
−∞
dxj e
−x2j . (34)
The hyperradial integral can be expressed in terms of the gamma function:∫ ∞
0
dr rd−1e−r
2 = 0(d/2)
2
(35)
as can the integral over each of the Cartesian coordinates:∫ ∞
−∞
dxj e
−x2j = 0(1/2) = pi 12 . (36)
Inserting these results into (34) and solving for
∫
dΩ , we obtain∫
dΩ = 2pi
d
2
0
( d
2
) . (37)
Finally, combining (11), (33) and (37), we have an explicit expression for the integral over generalised solid angle of any
homogeneous polynomial of degree n:∫
dΩ fn =
 2pi
d/2rn(d− 2)!!
0(d/2)n!!(d+ n− 2)!!1
1
2 nfn n = even
0 n = odd.
(38)
Now suppose that F(x) is any function whatever that can be expanded in a convergent series of homogeneous polynomials.
If the series has the form
F(x) =
∞∑
n=0
fn(x) (39)
then it follows from (38) that∫
dΩ F(x) = (d− 2)!!2pi
d/2
0
( d
2
) ∞∑
n=0,2,..
rn
n!!(n+ d− 2)!!1
n/2fn(x). (40)
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We can notice that, at the point x = 0, all terms in a polynomial vanish, except the constant term. Thus we have⌊
1n/2F(x)
⌋
x=0 = 1n/2fn(x). (41)
This allows us to rewrite (40) in the form∫
dΩ F(x) = (d− 2)!!2pi
d/2
0
( d
2
) ∞∑
ν=0
r2ν
(2ν)!!(d+ 2ν − 2)!! b1
νF(x)cx=0 (42)
where we have made the substitution n = 2ν. In the case where d = 3, this reduces to∫
dΩ F(x) = 4pi
∞∑
ν=0
r2ν
(2ν + 1)! b1
νF(x)cx=0. (43)
6. The relationship between harmonic polynomials and hyperspherical harmonics
There is a close relationship between harmonic polynomials and hyperspherical harmonics, [24–29]. Let
Yλ(u) ≡ r−λhλ(x) (44)
where r is the hyperradius and hλ(x) is a harmonic polynomial, while
u ≡ 1
r
(x1, x2, . . . , xd) = (u1, u2, . . . , ud) (45)
is a d-dimensional unit vector. Then, sinceΛ2 commutes with the hyperradius, and since
Λ2hλ = λ(λ+ d− 2)hλ, (46)
it follows that
Λ2Yλ(u) = λ(λ+ d− 2)Yλ(u). (47)
For the special case where d = 3 and λ = l, this becomes
L2Yl(u) = l(l+ 1)Yl(u) (48)
which is very nearly the familiar relationship for spherical harmonics in a 3-dimensional space. In the familiar relationship
L2Yl,m(u) = l(l+ 1)Yl,m(u) (49)
an extra quantum numberm appears, which is the eigenvalue of the operator Lz :
L3Yl,m(u) = mYl,m(u) (50)
where
L3 ≡ 1i
(
x1
∂
∂x2
− x2 ∂
∂x1
)
(51)
is the generator of the rotation group in the x1, x2 plane. The indexm labels the irreducible representations of SO(2), which
is a subgroup of SO(3), while l labels the irreducible representations of SO(3) based on the spherical harmonics. For each
value of l, there are 2l+1 linearly independent spherical harmonics corresponding to various values ofm, i.e., the irreducible
representations of SO(3) based on these spherical harmonics are (2l+ 1)-dimensional. It can be shown that the irreducible
representations of SO(d) based on the hyperspherical harmonics corresponding to a particular value of λ have dimension [3]
dimension = (d+ 2λ− 2)(d+ λ− 3)!
λ!(d− 2)! . (52)
The reader can verify that, when d = 3, this reduces to 2l+ 1. In a d-dimensional space, one can construct an orthonormal
set of hyperspherical harmonics where the extra indices are labels of the irreducible representations of the following chain
of subgroups of SO(d):
SO(d) ⊃ SO(d− 1) ⊃ SO(d− 2) ⊃ · · · ⊃ SO(2). (53)
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They will then be eigenfunctions of the generalised angular momentum operator in spaces of progressively smaller
dimension. If we let µ ≡ (µ1, µ2, . . .) stand for the set of minor quantum numbers belonging to a particular value of
λ, then we can write
Λ2dYλ,µ(u) = λ(λ+ d− 2)Yλ,µ(u)
Λ2d−1Yλ,µ(u) = µ1(µ1 + d− 3)Yλ,µ(u)
Λ2d−2Yλ,µ(u) = µ2(µ2 + d− 4)Yλ,µ(u)
...
...
...
(54)
where we have added the index d to the generalised angular momentum operator to indicate the dimension of the space
within which it operates.
Λ2d ≡ −
d∑
i>j
d∑
j=1
(
xi
∂
∂xj
− xj ∂
∂xi
)2
. (55)
The orthonormality relations for a set of hyperspherical harmonics can be written in the form [3]∫
dΩ Y ∗λ′,µ′(u)Yλ,µ(u) = δλ′,λδµ′,µ (56)
where
δµ′,µ ≡ δµ′1,µ1δµ′2,µ2δµ′3,µ3 · · · . (57)
The chain of subgroups shown in Eq. (53) is by no means the only one that can be used in constructing an orthonormal set
of hyperspherical harmonics corresponding to a particular value of λ. For example, when d = 4, an alternative orthonormal
set of hyperspherical harmonics can be constructed using the chain of subgroups
SO(d) ⊃ SO(2)× SO(2). (58)
To do this, we first construct harmonic polynomials is the space x1, x2 and in the space x3, x4, and, from their products, we
project out polynomials that are harmonic in the larger space, x1, x2, x3, x4. For larger values of d, the possibilities become
very rich. Often, in physical problems, alternative sets of hyperspherical harmonics are more useful than standard ones.
Alternative hyperspherical harmonics have been studied extensively by Aquilanti [7–12] and his co-workers, and by a
number of Russian authors.
7. Construction of hyperspherical harmonics by means of harmonic projection
It is possible to construct orthonormal sets of hyperspherical harmonics bymeans of themethods of harmonic projection
discussed in Section 3 [3–5]. Suppose that we have a homogeneous polynomial of the form
fλ,l(x1, . . . , xd) = xλ−ld hl(x1, . . . , xd−1) (59)
where hl(x1, . . . , xd−1) is a harmonic polynomial of degree l in the (d− 1)-dimensional space x1, . . . , xd−1. We can project
out the harmonic part of fλ,l by means of Eq. (18).
Oλ[fλ,l] =
[λ/2]∑
j=0
(−1)j(d+ 2λ− 2j− 4)!!
(2j)!!(d+ 2λ− 4)!! r
2j1jfλ,l. (60)
Remembering that hl satisfies
1hl(x1, . . . , xd−1) = 0 (61)
we have
1j[xλ−ld hl(x1, . . . , xd−1)] =
(λ− l)!
(λ− l− 2j)!x
λ−l−2j
d hl(x1, . . . , xd−1) (62)
so that
hλ,l(x1, x2, . . . , xd) = Oλ
[
xλ−ld hl(x1, . . . , xd−1)
]
= hl(x, . . . , xd−1) (λ− l)!
(d+ 2λ− 4)!!
[(λ−l)/2]∑
j=0
(−1)j(d+ 2λ− 2j− 4)!!
(2j)!!(λ− l− 2j)! r
2jxλ−l−2jd . (63)
Looking carefully at (63), we can see that it can be expressed in terms of a Gegenbauer polynomial, since
Cα+lλ−l
(xd
r
)
= 1
(d+ 2l− 4)!!
[(λ−l)/2]∑
j=0
(−1)j(d+ 2λ− 2j− 4)!!
(2j)!!(λ− l− 2j)!
(xd
r
)λ−l−2j
(64)
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where α ≡ d/2− 1. In this way, we obtain the relationship
hλ,l(x1, . . . , xd) = (λ− l)!rλ−lCα+lλ−l
(xd
r
)
hl(x1, . . . , xd−1). (65)
By means of Eq. (65), one can build up a an orthonormal set of hyperspherical harmonics starting with irreducible
representations of SO(2).
8. Some properties of hyperspherical harmonics
All of the beautiful relationships which hold for the familiar spherical harmonics in 3-dimensional space have
generalisations for hyperspherical harmonics in spaces of higher dimensions [3–5]. For example, the sum rule for spherical
harmonics has the generalisation∑
µ
Y ∗λ,µ(u)Yλ,µ(u
′) = (2λ+ d− 2)0(d/2)
2(d− 2)pid/2 C
α
λ (u · u′) (66)
from which (if we use the orthonormality relations (56) it follows that
(2λ+ d− 2)0(d/2)
2(d− 2)pid/2
∫
dΩCαλ (u · u′)Cαλ′(u · u′′) = δλ′,λCαλ (u′ · u′′). (67)
As before,α ≡ d/2−1. The familiar expansion of a planewave in terms of spherical harmonics and spherical Bessel functions
also has a d-dimensional generalisation:
eip·x = 2(d− 2)!!pi
d/2
0(d/2)
∞∑
λ=0
∑
µ
iλjdλ(pr)Y
∗
λ,µ(up)Yλ,µ(u) (68)
or in terms of Gegenbauer polynomials
eip·x = (d− 4)!!
∞∑
λ=0
iλ(2λ+ d− 2)jdλ(pr)Cαλ (up · u) (69)
where
jdλ(pr) ≡
0(α)2α−1Jα+λ(pr)
(d− 4)!!(pr)α =
∞∑
t=0
(−1)t(pr)2t+λ
(2t)!!(2t + 2λ+ d− 2)!! (70)
can be thought of as a ‘‘hyperspherical Bessel function’’.
9. One-electron Coulomb Sturmians
Butwhere, in all this, is the promised connectionwith atomic spectra? The connection arises because, in reciprocal space,
the Coulomb Sturmians of atomic physics can be expressed very simply in terms of hyperspherical harmonics.
Because of their completeness properties, one-electron Coulomb Sturmian basis sets have long been used in theoretical
atomic physics. Their form is identical with that of the familiar hydrogenlike atomic orbitals, except that the factor Z/n is
replaced by a constant k. The one-electron Coulomb Sturmians can be written as
χnlm(x) = Rnl(r)Ylm(θ, φ) (71)
where Ylm is a spherical harmonic, and where the radial function has the form
Rnl(r) = Nnl(2kr)le−krF
(
l+ 1− n|2l+ 2|2kr) . (72)
Here
Nnl = 2k
3/2
(2l+ 1)!
√
(l+ n)!
n(n− l− 1)! (73)
is a normalising constant, while
F
(
a|b|x) ≡ ∞∑
k=0
ak
k!bk x
k = 1+ a
b
x+ a(a+ 1)
2b(b+ 1)x
2 + · · · (74)
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is a confluent hypergeometric function. Coulomb Sturmian basis functions obey the following one-electron Schrödinger
equation (in atomic units):[
−1
2
∇2 − nk
r
+ 1
2
k2
]
χnlm(x) = 0 (75)
which is just the Schrödinger equation for an electron in a hydrogenlike atom with the replacement Z/n → k. The
functions in a Coulomb Sturmian basis set can be shown to obey a potential-weighted orthonormality relation of the
form [3–5]:∫
d3x χ∗n′ l′m′(x)
1
r
χnlm(x) = knδn′nδl′ lδm′m. (76)
All of the functions in a such a basis set correspond to the same energy,
 = −1
2
k2. (77)
In other words, the basis set is isoenergetic. In the wave equation obeyed by the Sturmians, (75), the potential is weighted
differently for members of the basis set corresponding to different values of n.
10. The Fock projection
Coulomb Sturmian basis functions and their Fourier transforms are related by
χnlm(x) = 1√
(2pi)3
∫
d3x eip·xχnlm(p) (78)
and by the inverse transform
χ tnlm(p) =
1√
(2pi)3
∫
d3x e−ip·xχnlm(x). (79)
By projecting momentum–space onto the surface of a 4-dimensional hypersphere, Fock [13] was able to show that the
Fourier-transformed Coulomb Sturmians can be very simply expressed in terms of 4-dimensional hyperspherical harmonics
through the relationship
χ tn,l,m(p) = M(p)Yn−1,l,m(u) (80)
where
M(p) ≡ 4k
5/2
(k2 + p2)2 (81)
and
u1 = 2kp1k2 + p2
u2 = 2kp2k2 + p2
u3 = 2kp3k2 + p2
u4 = k
2 − p2
k2 + p2 . (82)
The 4-dimensional hyperspherical harmonics are given by
Yλ,l,m(u) = Nλ,lC1+lλ−l(u4)Yl,m(u1, u2, u3) (83)
where Yl,m is a spherical harmonic of the familiar type, while
Nλ,l = (−1)λil(2l)!!
√
2(λ+ 1)(λ− l)!
pi(λ+ l+ 1)! (84)
is a normalising constant, and
Cαλ (u4) =
[λ/2]∑
t=0
(−1)t0(λ+ α − t)
t!(λ− 2t)!0(α) (2u4)
λ−2t (85)
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is a Gegenbauer polynomial. The first few 4-dimensional hyperspherical harmonics are
Y0,0,0(u) = 1√
2pi
Y1,0,0(u) = −2u4√
2pi
Y1,1,0(u) = −2iu3√
2pi
...
...
....
(86)
Fock’s reciprocal-space treatment of hydrogenlike atoms was generalised to d dimensions by Alliluev [14], who showed
that if
u1 = 2kp1k2 + p2
u2 = 2kp2k2 + p2
...
...
...
ud = 2kpdk2 + p2
ud+1 = k
2 − p2
k2 + p2
(87)
and
Md(p) = (2k)
d/2+1
√
2(k2 + p2)(d+1)/2 (88)
then the reciprocal-space solutions to the hydrogenlike Schrödinger equation in d dimensions are given by
χ tn,µ(p) = Md(p)Yn−1,µ(u) (89)
where Yn−1,µ(u) is a hyperspherical harmonic on the surface of a (d + 1)-dimensional hypersphere. Alliluev was able to
show that these solutions correspond to the energies
E = − 2Z
2
(2n+ d− 3)2 . (90)
11. Generalised Sturmians
In 1968, Goscinski [15] generalised the concept of Sturmian basis sets by considering isoenergetic sets of solutions to a
many-particle Schrödinger equation with a weighted potential:[
−1
2
1+ βνV0(x)− Eκ
]
Φν(x) = 0. (91)
Theweighting factorsβν are chosen in such away as tomake all of the functions in the set correspond to the same energy, Eκ ,
and this energy is usually chosen to be that of the quantummechanical state which is to be represented by a superposition
of generalised Sturmian basis functions. If the basis set is used to treat N-particle systems where the particles have different
masses, the operator1 in the kinetic energy term is given by
1 ≡
N∑
j=1
1
mj
∇2j , (92)
while, if the masses are all equal, it is given by the generalised Laplacian operator:
1 ≡
d∑
j=1
∂2
∂x2j
(93)
with d = 3N and
x = (x1, x2, . . . , xd). (94)
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Like the one-electron Coulomb Sturmians, the functions in generalised Sturmian basis sets can be shown to obey a potential-
weighted orthonormality relation:∫
dxΦ∗ν′(x)V0(x)Φν(x) = δν′,ν
2Eκ
βν
. (95)
Because the set of isoenergetic generalised Sturmian basis functions obeys Eq. (91), these orthonormality relations can be
written in the form [5]∫
dxΦ∗ν′(x)
(−1+ p2κ
2p2κ
)
Φν(x) = δν′,ν (96)
where
pκ ≡
√−2Eκ , (97)
while in reciprocal space they have the form [5]∫
dpΦ t∗ν′ (p)
(
p2 + p2κ
2p2κ
)
Φ tν(p) = δν′,ν . (98)
These are the usual orthonormality relations for functions in the Sobolev space W (1)2 (R
d). Using the reciprocal-space
orthonormality relation for generalised Sturmians, one can derive an expansion of a d-dimensional plane wave in terms
of them [5,16,17]:
eip·x = (2pi)d/2
(
p2 + p2κ
2p2κ
)∑
ν
Φ t∗ν (p)Φν(x). (99)
This expansion is not pointwise convergent, but it is valid in the sense of distributions within the Hilbert space spanned by
the set of generalised Sturmians.
12. Use of generalised Sturmian basis sets to solve the many-particle Schrödinger equation
If we wish to solve a many-particle Schrödinger equation of the form[
−1
2
1+ V (x)− Eκ
]
Ψκ(x) = 0 (100)
we can represent a solution as a superposition of generalised Sturmian basis functions:
Ψκ(x) =
∑
ν
Φν(x)Bν,κ . (101)
Substituting this superposition into the Schrödinger equation and remembering that each of the basis functions satisfies
Eq. (91), we obtain∑
ν
[
−1
2
1+ V (x)− Eκ
]
Φν(x)Bν,κ =
∑
ν
[V (x)− βνV0(x)]Φν(x)Bν,κ = 0. (102)
If we multiply from the left by a conjugate function from our generalised Sturmian basis set and integrate over all
coordinates, we obtain a set of secular equations from which the kinetic energy term has disappeared:∑
ν
∫
dxΦ∗ν′(x) [V (x)− βνV0(x)]Φν(x)Bν,κ = 0. (103)
If we introduce the definition
Tν′,ν ≡ − 1pκ
∫
dxΦ∗ν′(x)V (x)Φν(x) (104)
where pκ is defined by Eq. (97) and make use of the potential-weighted orthonormality relations (95), we can rewrite the
secular equations in the form∑
ν
[
Tν′,ν − pκδν′,ν
]
Bν,κ = 0. (105)
The generalised Sturmian secular equations are strikingly different from conventional Hamiltonian secular equations in
several ways:
• The kinetic energy term has disappeared.
• The matrix representing the approximate potential V0(x) is diagonal.• The roots of the secular equations are not energies, but values of the scaling parameter pκ , fromwhich the energy can be
obtained through the relationship Eκ = −p2κ/2.• For Coulomb potentials, the matrix Tν′,ν is energy-independent.
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13. Application of generalised Sturmians to the calculation of atomic spectra
In his pioneering 1968 paper [15], Goscinski was able to show that if V0(x) is taken to be the nuclear attraction potential
of an N-electron atom or ion, i.e., if
V0(x) = −
N∑
j=1
Z
rj
, (106)
then Slater determinants of the form
Φν(x) = |χn,l,m,msχn′,l′,m′,m′sχn′′,l′′,m′′,m′′s · · · | (107)
are isoenergetic solutions to Eq. (91) provided that the configuration represented by the Slater determinant is built up of
hydrogenlike spin-orbitals χn,l,m,ms(xj) corresponding to weighted nuclear charges given by
Qν = pκ
Rν
(108)
where
Rν ≡
√
1
n2
+ 1
n′2
+ 1
n′′2
+ · · ·. (109)
My son James and I have applied the generalised Sturmian method with Goscinski’s choice of V0 to many atoms and ions
[18–20,5]. We find that this method is extremely rapid and accurate for the calculation of large numbers of excited states
provided that the number of electrons is small.1 Table 1 shows a few typical results of this method. We have obtained the
following approximate closed-form expression for the energies:
Eκ ≈ −12 (ZRν − |λκ |)
2 . (110)
When N is kept constant and Z becomes large, the accuracy of this expression increases rapidly. The approximation consists
of including in the basis set only those configurations that become degenerate when interelectron repulsion is neglected,
i.e. the configurations that correspond to a given value of Rν . The quantity λκ that appears in Eq. (110) is a root of the
energy-independent interelectron repulsion matrix
T ′ν′,ν = −
1
pκ
∫
dxΦ∗ν′(x)
N∑
i>j
N∑
j=1
1
rij
Φν(x). (111)
The roots λκ are pure numbers, and they can be calculated once and for all for an isoelectronic series. The programs2 used in
making calculations reported in our book [5] are available on the website http://sturmian.kvante.org. These programs may
be freely used and modified. Only slight modifications would be required to calculate the wave functions and properties of
the d-dimensional heliumlike or lithiumlike isoelectronic series.
14. Sturmian molecular orbitals; Shibuya–Wulfman integrals
Shibuya–Wulfman integrals [4,21,5,12,22,23,16] occur when Coulomb Sturmian basis sets are used to construct
molecular orbitals. The one-electron equation obeyed by a molecular orbital ϕ(x) has the form[
−1
2
∇2 + v(x)− 
]
ϕ(x) = 0. (112)
If the potential v(x) is taken to be the nuclear attraction potential of the bare nuclei, then
v(x) = −
∑
a
Za
|x− Xa| . (113)
We can try to represent themolecular orbital as a superposition ofmany-center Coulomb Sturmians centered on the various
nuclei of the molecule:
ϕ(x) =
∑
τ
χτ (x)Cτ . (114)
Here
χτ (x) ≡ χnlm(x− Xa) (115)
represents a Coulomb Sturmian, centered on a nucleus at the point Xa, while
τ ≡ (n, l,m, a) (116)
1 When the number of electrons is large, another choice of V0 , including the effects of interelectron repulsion, would lead to more rapid convergence.
2 Written by my son.
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Table 1
1S excited state energies (in Hartrees) for the two-electron isoelectronic series. The basis set used consisted of 40 generalised Sturmians of the Goscinski
type. Experimental values are taken from the NIST tables [1] (http://physics.nist.gov/asd). Discrepancies between calculated and experimental energies for
the heavier ions are due mainly to relativistic effects.
He Li+ Be2+ B3+ C4+ N5+
1s2s 1S −2.1429 −5.0329 −9.1730 −14.564 −21.206 −29.098
expt. −2.1458 −5.0410 −9.1860 −14.582 −21.230 −29.131
1s3s 1S −2.0603 −4.7297 −8.5099 −13.402 −19.406 −26.521
expt. −2.0611 −4.7339 −8.5183 −13.415 −19.425 −26.548
1s4s 1S −2.0332 −4.6276 −8.2837 −13.003 −18.785 −25.629
expt. −2.0334 −4.6299 −8.2891 −25.654
1s5s 1S −2.0210 −4.5811 −8.1806 −12.820 −18.500 −25.220
expt. −2.0210 −4.5825 −25.241
1s6s 1S −2.0144 −4.5562 −8.1250 −12.721 −18.346 −24.998
expt. −2.0144 −4.5571
1s7s 1S −2.0105 −4.5412 −8.0917 −12.662 −18.253 −24.865
expt. −2.0104 −4.5418
1s8s 1S −2.0080 −4.5315 −8.0701 −12.624 −18.194 −24.779
expt. −2.0079
1s9s 1S −2.0063 −4.5248 −8.0554 −12.598 −18.153 −24.720
expt. −2.0062
1s10s 1S −2.0051 −4.5201 −8.0449 −12.579 −18.124 −24.678
expt. −2.0050
1s11s 1S −2.0042 −4.5166 −8.0371 −12.566 −18.102 −24.647
expt. −2.0041
1s12s 1S −2.0034 −4.5140 −8.0312 −12.555 −18.086 −24.624
expt. −2.0034
is a set of four indices, the last index being that of the nucleus on which the Coulomb Sturmian is centered. The Sturmian
basis functions are isoenergetic, and we let the common energy of all the members of the basis set correspond to that of the
molecular orbital that we wish to represent:
 ≡ −1
2
k2. (117)
Substituting these relationships into Eq. (112) and taking the scalar product with a conjugate member of the basis set, we
obtain the secular equations:∑
τ
∫
dxχτ ′(x)
[
−1
2
∇2 + 1
2
k2 + v(x)
]
χτ (x)Cτ = 0. (118)
We now define the Shibuya–Wulfman integralsSτ ′,τ by the relationship
Sτ ′,τ ≡ 1k2
∫
d3x χτ ′(x)
[
−1
2
∇2 + 1
2
k2
]
χτ (x). (119)
It can be shown that if we define the matrix Kτ ′,τ as
Kτ ′,τ ≡
√
Za′Za
n′n
Sτ ′,τ (120)
then the expansion coefficients Cτ obey the secular equation∑
τ
[
Kτ ′,τ − kδτ ′,τ
]
Cτ = 0. (121)
The Fock projection, plane wave expansions and the hyperangular integration theorems discussed above can be used to
evaluate the Shibuya–Wulfman integrals. Using the Fock projection, one can show that
Sτ ′,τ =
∫
dΩ eip·(Xa′−Xa)Y ∗n′−1,l′,m′(u)Yn−1,l,m(u) (122)
(which is the definition originally used by Shibuya and Wulfman). Then, making use of a Sturmian expansion of the plane
wave one obtains
Sτ ′,τ = (2pi)3/2
λ+λ′∑
λ′′=|λ−λ′|
l+l′∑
l′′=|l−l′|
fλ′′+1,l′′(s)Yl′′,m−m′(sˆ)
∫
dΩ Y ∗λ′′,l′′,m−m′(u)Y
∗
λ′,l′,m′(u)Yλ,l,m(u) (123)
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Table 2
fnl(s), Eq. (125), where s ≡ k|Xa′ − Xa|.
n l fnl(s)
1 0 e−s(1+ s)
2 0 − 23 e−ss2
2 1 2
3
√
3
e−ss(1+ s)
3 0 13 e
−ss2(−2+ s)
3 1 1
3
√
2
e−ss(1+ s− s2)
3 2 1
3
√
10
e−ss2(1+ s)
4 0 − 215 e−ss2(5− 5s+ s2)
4 1 2
15
√
15
e−ss(5+ 5s− 12s2 + 3s3)
4 2 2
15
√
5
e−ss2(2+ 2s− s2)
where
s = {sx, sy, sz} ≡ kR (124)
and where
k3/2fn,l(s) ≡ Rnl(s)− 12
√
(n− l)(n+ l+ 1)
n(n+ 1) Rn+1,l(s)−
1
2
√
(n+ l)(n− l− 1)
n(n− 1) Rn−1,l(s). (125)
Here Rn,l is the Coulomb Sturmian radial function. Table 2 shows the first few of the functions fn,l(s). The hyperangular
integration theorems discussed above are very convenient for evaluating the hyperangular integral in Eq. (123).
15. Discussion
The theory of hyperspherical harmonics is often approached from the standpoint of group theory. However, a study of the
properties of homogeneous and harmonic polynomials offers an alternative, and perhaps easier, approach. For example, the
hyperangular integral shown in Eq. (123) can be evaluated by group theoreticalmethods, as has been shownbyAquilanti and
Caligiana. However, the theorems discussed in this paper offer an alternative and very easy way to evaluate the integral: we
merely convert the product of three hyperspherical harmonics into a homogeneous polynomial in a 4-dimensional space and
then apply the formula for integration of a homogeneous polynomial over a generalised solid angle. The methods discussed
here should not be thought of as competing with group theory but as complementary.
The application of generalised Sturmians to the calculation of atomic and molecular properties is still in its infancy, and
many new discoveries in this field remain to be made.
It has been a privilege to participate in this gathering of distinguishedmathematicians and physicists honouring the 60th
birthday and the great achievements of Professor Jesús S. Dehesa. It is my hope that some of the results discussed in this
paper can be useful, and thus serve as a birthday gift to Professor Dehesa and to the community of his friends.
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